Let sp(n) be the number of sparse paving matroids on the ground set {1, . . . ,n}. We prove that loglogsp(n) = n − (3/2) log n + O (log log n), and we conjecture that the same equality applies to the number of all matroids on the set {1, . . . ,n}.
Introduction
In 1973 Piff [4] proved the following upper bound on m(n), the number of matroids on the ground set {1, . . . ,n}:
when n 2, and where k is a fixed constant. A year later, Knuth [2] showed that 2 ( n n/2 )(2n)
m(n).
By adapting his argument, we can establish the following very slight improvement:
To see that Eq. (2) holds, note that Theorem 1 of Graham and Sloane [1] implies that for any positive integer n, there is a binary code of at least n n/2 n −1
words with length n, constant weight n/2 , and minimum distance at least 4. Therefore, there exists a family C of at least n n/2 n −1 subsets of {1, . . . ,n}, such that |C| = n/2 for every C ∈ C, and |C ∪ C | n/2 + 2 for every pair, {C, C }, of distinct members of C. Thus C is the family of nonspanning circuits of a paving matroid with rank n/2 . The same statement is true of any subfamily of C, so there are at least 2 |C| distinct paving matroids on the set {1, . . . ,n}. Eq. (2) follows. (Recall that a rank-r matroid is paving if every set with cardinality r − 1 is independent.)
It is relatively straightforward to prove that 2
for all positive integers n. By combining this fact with Eqs. (1) and (2), we see that n − (3/2) log n − 1 log log m(n) n − log n + log log n + O (1) .
an additive constant would fail to achieve this goal. Therefore Conjecture 1.4 may be significantly weaker than Conjecture 1.1 (and perhaps easier to prove). Although lim n→∞ sp(n)/m(n) = 1 would certainly imply Conjecture 1.4 (by virtue of Corollary 1.3), it is a priori possible that sp(n) and m(n) are not asymptotically equal, even though log log sp(n) = n − (3/2) log n + O (log log n) = log log m(n).
Proof of the main theorem
The proof depends on the following intermediate lemmas. We believe that Lemma 2.1 is likely to be known, but we sketch the argument for the sake of completeness, as we have been unable to locate a proof in the literature.
Sketch proof of Lemma 2.1. For any positive integer
It is routine to check that both
Note that Lemma 2.1 implies that n n/2
The following fact is Lemma 1 of [4] . 
for every r ∈ {0, . . . ,n}. By duality, sp r (n) = sp n−r (n), so we assume that r n/2. 
We can assume that n 2, so this implies
It follows from Eq. (3) that
Claim 1.
Proof. By Eqs. (3) and (5), we see that
Therefore the claim will be proved as long as we can certify that
It is not difficult to show that this is true for sufficiently large n. 2
Applying Claim 1 to Eq. (6) produces the following:
Now we apply Lemma 2.2, and deduce that
. By Eqs. (3) and (5), we see that
(n + 1)
(n + 1) n+2 n −3/2 log n and log log sp(n) n − (3/2) log n + log log n + log e + 2.
This completes the proof of Theorem 1.2. 2
